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A plasma-sheath transition analysis requires a reliable mathematical expression for the plasma
potential profile ®(x) near the sheath edge x, in the limit ¢ = Ap/¢ = 0 (where Ap is the Debye
length and ¢ is a proper characteristic length of the discharge). Such expressions have been
explicitly calculated for the fluid model and the singular (cold ion source) kinetic model, where
exact analytic solutions for plasma equation (¢ = 0) are known, but not for the regular (warm ion
source) kinetic model, where no analytic solution of the plasma equation has ever been obtained.
For the latter case, Riemann [J. Phys. D: Appl. Phys. 24, 493 (1991)] only predicted a general
formula assuming relatively high ion-source temperatures, i.e., much higher than the plasma-sheath
potential drop. Riemann’s formula, however, according to him, never was confirmed in explicit
solutions of particular models (e.g., that of Bissell and Johnson [Phys. Fluids 30, 779 (1987)] and
Scheuer and Emmert [Phys. Fluids 31, 3645 (1988)]) since “the accuracy of the classical solutions
is not sufficient to analyze the sheath vicinity” [Riemann, in Proceedings of the 62nd Annual
Gaseous Electronic Conference, APS Meeting Abstracts, Vol. 54 (APS, 2009)]. Therefore, for
many years, there has been a need for explicit calculation that might confirm the Riemann’s
general formula regarding the potential profile at the sheath edge in the cases of regular very warm
ion sources. Fortunately, now we are able to achieve a very high accuracy of results [see, e.g., Kos
et al., Phys. Plasmas 16, 093503 (2009)]. We perform this task by using both the analytic and the
numerical method with explicit Maxwellian and “water-bag” ion source velocity distributions. We
find the potential profile near the plasma—sheath edge in the whole range of ion source
temperatures of general interest to plasma physics, from zero to “practical infinity.” While within
limits of “very low” and “relatively high” ion source temperatures, the potential is proportional to
the space coordinate powered by rational numbers & = 1/2 and « = 2/3, with medium ion source
temperatures. We found o between these values being a non-rational number strongly dependent on
the ion source temperature. The range of the non-rational power-law turns out to be a very narrow
one, at the expense of the extension of o = 2/3 region towards unexpectedly low ion source
temperatures. © 2011 American Institute of Physics. [doi:10.1063/1.3587112]

. INTRODUCTION tion does not seem to be very clear because in the case of van-
ishing &, the concept of “width of the intermediate region” is
not applicable. So here, we adopt another “working” defini-
tion stating that a warm ion source is presented by a neutral
velocity distribution function (VDF), the thermal energy
spread of which is comparable to or higher than (1) its direc-
tional energy, (2) the thermal electron energy, and (3) the
plasma potential energy drop @y at the point of plasma solu-
tion singularity obtained in the limit of vanishing . The quan-
titative implications of this will become clear during the
process of making necessary approximations and after exam-
ining numerical results at the end of this paper.

Solution to the plasma-sheath transition problem is a sin-
gle but very important step towards finding an analytic ap-
proximate expression for the potential profile uniformly valid
in the entire region of a physically bounded discharge.
Achieving this goal requires an exhaustive analysis consisting

YAlso at Institute of Physics, Georgian Academy of Sciences, 0177 Thilisi, of many consecutive steps, e.g., rescaling the potential profile
Georgia. appropriately in the so-called “intermediate scale,” in whose

First, we ought to admit that during our investigations
related to the present subject, we were not able to find satis-
factory definitions regarding some basic terminological con-
ventions in the field of plasma, sheath, and intermediate
region problems. The most explicit answer to the question
what, in the context of kinetic plasma and sheath problem for
finite and vanishing ¢ (¢ = /p /¢, where Ap = +/€okT,/ne? is
the familiar Debye length and ¢ is a proper characteristic
length of discharge), the terms of “cold” and “warm” ion
sources mean, was given by Riemann only recently.” He
states that a “cold” source produces “new’” ions by ionization
or charge exchange “with negligible velocity.” In a warm
source, in contrast, the energy spread of “new” ions exceeds
the “width of the intermediate region.” However, this defini-
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representation the potential profiles are nearly independent on
discharge parameter ¢. Riemann has recently* summarized the
“state of the art” of plasma-sheath analysis showing that there
are three models that should be distinguished, namely (1) fluid
model, (2) kinetic model with ions generated with zero initial
velocity (so-called “cold” or “singular” ion source), and (3)
kinetic model with ions generated with a finite initial velocity
(the so-called “warm” or “regular” ion source). While proper
analysis was performed within fluid approximation and the ki-
netic model with “cold” ion sources, Riemann states that “the
structure of the plasma-sheath transition for models with hot
ion source was never analyzed!”*

During the last and present centuries, the plasma and
sheath problem was treated via various alternative methods
under various assumptions and applied approximations. On
one side, the usually adopted analytic approach follows the
Tonks and Langmuir T&L (Refs. 1, 8, and 9) intuitive idea
(interpreted later in a mathematically correct way by Caruso
and Cavaliere'®) to split the problem into the so-called
plasma equation and sheath equation and to solve them sepa-
rately under various approximations.

Analytic matching between these solutions and exact nu-
merical solution was found only recently by Riemann for the
fluid model'" as well as for both singular kinetic collision-
dominated'? and collision-free'> models. Computer simula-
tions of singular kinetic models were also performed.'*'3
Finally, the first experimental results on the plasma potential
profile near the sheath edge appeared recently'® showing that
in a laboratory plasma with an approximately cold, i.e., singu-
lar ion source, the potential is indeed proportional to the
square root of the distance from the sheath edge
(® — @,  (x — x,)"/?), as follows from Franklin and Ocken-
don’s'” old considerations, elaborated further in detail by Rie-
mann.' '8 However, we are here interested in a symmetric
plane-parallel kinetic T&L model with regular, arbitrary
“warm’” ion source velocity distribution, where another power
law and consequent scaling laws have been predicted' but
never confirmed'® for particular explicit ion sources.

The geometry of the problem together with a schematic
potential profile in the case of a negligible ¢, together with an
example of finite ¢, is illustrated in Fig. 1. Due to the symme-
try of the problem, only half of the discharge should be con-
sidered as illustrated in Fig. 2. It is necessary here to point out
that the central quantity of interest in the present work is the
potential profile in the so-called ¢ = 0 limiting case. The final
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FIG. 1. (Color online) Schematic diagram of the T&L model in one-dimen-
sional (plane) geometry with potential ®(x). The plasma center at x =0,
walls at x = £L. @, is the potential of the sheath edge, ®,, is the wall
potential.
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FIG. 2. (Color online) Exact solution for the plasma potential ® (in the
dimensionless form e®/kT, — ®, with T, the electron temperature) for
¢ = Jp/L = 0.03 for Maxwellian ion source temperature 7, normalized as
T, — T,/T, =10 in comparison with the exact numerical solution of
plasma equation (¢ = 0) for the same temperature. Possible approximate
sheath solutions are drawn symbolically. The squared region AL — A® is a
symbolic presentation of the intermediate region or, equivalently, the uncer-
tainty of the plasma-sheath transition around the point E; = A®/AL.

mathematical problem to be solved in the context of construct-
ing the intermediate region appears as a kind of mathematical
“perturbation” of ¢ = 0 case, via small but finite ¢&. Such an
explicit solution is illustrated in Fig. 2. This particular com-
parison of exact potential profiles with finite &’s was obtained
here for the Maxwellian distributed ion source with tempera-
ture T, /T, = 10 via a highly reliable numerical computational
method developed by Kos e al.° for dealing with the com-
plete T&L collisionless discharge model as well as with its
special case of quasineutral plasma known as Bissell and
Johnson (B&J) model.>? This method has proved as superior
to others known by us in obtaining results with an extremely
high resolution and at the same time being applicable to a
wide (practically unlimited) range of ion source temperatures.

A logical question here arises why any approximate so-
lution with final ¢ case should be required, if the exact solu-
tion can be obtained via a numerical calculation®®?! or, e.g.,
via particle in cell (PIC) simulations.”? However, it should
be recognized that the problem in principle does not concern
either a particular discharge with particular ¢ or a particular
ion source temperature, but it should be defined and solved
as a universal one resulting in some universal rules. In this
context, the exact solution is just an auxiliary one for a com-
parison of how good a possible analytic approximation is, as
done, e.g., in Fig. 11 in Riemann’s work with the kinetic
model with the cold ion source."?

Furthermore, an analytic formulation of the reference
point joining (or separating) plasma and sheath might be
very important in plasma applications. For example, the va-
lidity of fusion-relevant codes dealing with the Scrape of
Layer, like SOLPS (Ref. 23) and EDGE2D, is limited to the
region bounded by a plasma-sheath surface at which fluid
approach breaks. In the case of vanishing ¢, the sheath thick-
ness is negligible and its position coincides with the wall
position with a well-defined boundary condition defined with
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famous Bohm criterion,24 1.e., via its generalization.25 In
plasmas with finite ¢, the plasma sheath common boundary
spreads into a region of a finite width whose placement can
be estimated as a transition region around a reference point
where electric field takes the value E; = AD/AL, where AD
and AL should be rather safely estimated for both theoretical
analysis (see, e.g., Riemann’s paper'® and references therein)
and engineering purposes,”® however for the cold ion sour-
ces. Following the exhaustive mathematical procedure by
Riemann in 1991 (Ref. 1), the scaling variables A® and AL
yield the reference electric fields E; ~ ¢ 2/°, E; ~ ¢~%/°, and
E, ~ &2/7 (where E; is assumed to be normalized to
kT,/eL) for fluid, cold kinetic, and warm kinetic models,
respectively. A necessary prerequisite in establishment of
such scaling laws is to know the exact potential profile in the
so-called “c = 0 model.” It has been shown by Riemann'
that the potential profile ®(x) in front of the sheath edge in
plasmas with finite ¢ in the kinetic model with cold ion
source follows the law (@5 — @) = C(x; — x)”, where sub-
script “s” denotes the location of the sheath edge and any
corresponding quantity at that place. It will be shown in this
paper that coefficient C is in fact a function of the ion source,
so the last expression should be replaced with
(®; — ®) =Cr,(x; — x)*, where Cr, will be found together
with o. In contrast to singular, i.e., cold ion source (7, = 0)
where o = 1/2, for high enough but still unknown 7, value
o =2/3 is expected (e.g., Riemann') independently of the
detailed shape of the ion-source velocity distribution, i.e., on
particular value of T,. Unfortunately, value oo = 2/3 for the
warm ion-source has never been proved by, e.g., any numeri-
cal method or experimental means.

The question triggered recently by Riemann® is whether
one can obtain accurate results to identify the form of the
sheath edge singularity, i.e., to find safely the power o in the
formula (®; — ®) = C(x; — x)*describing the limiting poten-
tial variation in front of the sheath edge (x;, ®s). In order to
answer this question in the present work, we employ two par-
ticular velocity distributions, namely the Maxwellian one
with two different ionization mechanisms and the “water
bag” shaped. The employment of the latter distribution which
in adiabatic approximation fully corresponds to the fluid
model (Davidson®’) is aimed at proving that the results really
are independent of the velocity distribution shape. It turns out
that, e.g., a requirement kT, > e|®;| > 0 could be an over-
restriction necessary to make analytic approximations while
numerical solution shows that for T, greater than a value of
the order of one tenth of T,. Within the narrow transition
between T, =0 characterized by o=1/2 and
T, > 0.05T, + 0.1T, characterized by o =2/3, the plasma
potential near the singularity point is characterized by a non-
rational number 2/3 > « > 1/2. In many plasmas of interest,
the temperature 7, might fall exactly within this region and
this might be a source of problem, e.g., in applying any uni-
versal rule to a plasma whose neutral temperature is even one
order of magnitude or greater than the room temperature.

Section II presents theoretical investigations on the
potential profile near the point of singularity for the cases of
Maxwellian and water-bag distributions. Section III
describes the numerical method. Section IV presents main
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results of numerical solutions. Section V brings a summary
with conclusion.

Il. THEORETICAL CONSIDERATIONS

We deal with a plane-parallel discharge of the T&L
type® as sketched in Fig. 1. The properties of T&L discharge
have been analytically investigated as performed in works by
Franklin and Ockendon'’ and Riemann' via employing
mathematical tools elaborated in books by van Dyke* and
Kaplun.?” These properties were found for a general ion ve-
locity distribution while we concentrate here on Maxwellian
and “water-bag” distributions as good candidates to take the
role in a variety of discharges. For the ion density in such a
discharge, one obtains the general expression (see the details
in, e.g., Ref. 20)

i) — n;(x) = 2B JOC dv JI ﬁ

no 0 0 V2
\/UTZ ﬁe(l)(x’) 2
x F, < or ) exp{ KT }H(v ), (1)

where

B 1 1 m; ng ed,, 1 B
=—4/=>———ex =—
20\ Tyme e PR, T, "

Te 1 kTm,' i oy (2)

L; ’

T=m =0 U, =\
Tn Tn7 ' mi,

V= = 2 () - o),
mi

where subscripts “n,” “i,” and “e” denote neutrals, ions, and
electrons, respectively, L; = ¢;/v; (v; is the ionization fre-
quency, ¢; = \/kT,/m;), H(z) is the Heaviside step-function,
and =0, 1,2..., denotes uniform, proportional to electron
density and proportional to square of electron density ioniza-
tion profiles, respectively. The symmetric auxiliary distribu-
tion function F,(v) of neutrals is connected with their
velocity distribution function f, (v) with the relation

U . U
R<EQZZWEW”<E)’ 3)
Fu(—z) = F,(2).

Further, we use the following non-dimensional variables:

v e®(x) n;
0] — . 4
e U T, 0 o @

For the Maxwellian ion source, the auxiliary function (3) is

v v?
el o

and the ion density equals

ni(x) =B J; dx' exp{pO(x')} exp{ !

s (000 - 0]

xK%é}Mﬂ@@@, ©)
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where Ko (z;) is the zero-order modified Bessel function. Its
expansions for the small and large arguments are

2
Ko(z;) ~ lnE+ o(}),

K0(21)21/2—7;€_21{1+0(%>}, 1 > 1. (8)

Here y; = exp(cg) =1.78107, cg = lim Y., 1/i —Inn is
the Euler constant. For the ion-source of the symmetric
“water-bag” type, the auxiliary function is

SORGUREDRIED)

®)

n < 1, )

For the ion density from Eqgs. (1) and (9), we find

nxx)zzv@;é{szﬂexmﬂQCﬂﬂ

X arcSh( 3T )
2[®(x') — D(x)]

1
+ J dx’ exp[®@(x')]arcSh

X

3T,
><H< Wl)}. (10)

For small and large arguments, we assume

arcSh(zy) ~ 2,

arcSh(zy) ~ In(2z,),

7 < 1, (1D
> 1. (12)

The definition of the potential shape in the region close to
the sheath edge, we start from the pre-sheath (plasma)
equation,

n,—n; =0, (13)

with above-defined ion density distributions and Boltzmann
distributed electrons n, = exp[®(x)].

Our task is to define the character of the singularity at
the sheath edge and find power « in the relation

O — @ = C(x; — x)", (14)

where x; and @, are the sheath edge coordinate and the
potential there, assuming that they as well as « and C are the
parameters that depend on the ion source temperature.

A. Limit of cold ion-sources

For the cold ion-source with a negligible neutral temper-
ature, T, — 0, Egs. (6) and (10) by means of Egs. (8) and
(11) must give the same result and really in both the
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Maxwellian and the “water-bag” cases for the ion density at
T, — 0, we find

exp[fO(x')]

_explPR)] 15
o) o

ni(x) = /7By J; dx’

which together with Eq. (13) yields the plasma equation in
the form

D /
dx

B il
Ja OL =

exp[fP(x')]

dd' = exp|®(x)], 16
IO a0/ —explot]. 16

with solution [see, e.g., in Riemann 2006 (Ref. 13)]

@:%exp(—/)’(b) [FD(\/E) _2\/1__(1)]’ (17

where

Z

Fp(z) = e*zzj e dt (18)
0

is the Dawson function.*® Singularity of the electric field
defined by Eq. (17) appears for 2Fp(y/—®) —1/
v—®;) =0, yielding

@, = —0.85403... (19)

Explicit solution of Eq. (17) for f = 0 (uniform ionization)
and ff = 1 (ionization proportional to electron density) is

%FD(\/EL B0

X=1q 0 (20)

“Ja +2<D)FD(\/5)+\/5}7 p=1

yielding famous numerical values

1
= 0.34444... =0
1/ — Dy b
n=4 " 21)
e s
———— = 0.40456... =1
21/ —Dy b

obtained for the first time by Harrison and Thompson®
(being the system lengths, i.e., ionization lengths*®) normal-
ized to unity. The numerical values of H&T are for the mul-
tiplicative factor v/2 less than in all Riemann’s works.

It is now straightforward to expand into Tailor series
x(®) in the vicinity of x,(®y), resulting in

e ho 2
X_XSZ_W((D_(DS) , (22)
ie.,
O— D, = (x—ux,)" (23)

with Cp—p ~ 3.15 and Cp—; ~ 2.055 and the exact value,
ie.,

o=1/2, (24)
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characterizing the potential shape near the singularity point
in the case of the cold ion-source. We note here that if Rie-
mann’s normalization is used, constants C take other val-
ues, ie., Cp—o~2.659 and Cp_; ~ 1.728, respectively.
However, if the system is considered to be equal unity
(L ~L;) as in all numerical calculations, the ionization
length is normalized to L, so that relevant constants in the
present investigations are

Cp—o ~ 1.8486, Cp—; ~= 1.3069 (25)
The last values are important for a subsequent comparison
with our numerically obtained results.
B. Limit of warm ion-sources
In the case of a high ion source temperature, i.e.,
T, > @] > |© — @ (26)

via employing expansions (7) and (12), we obtain from
expressions (6) and (10) for the Maxwellian source case

O I /
m() = 4w ®) epipow)

1
X exp{ﬁ (@) — (I)(x)]} In _\(D(x)“f&)(x’ﬂ )

27)

and for the “water-bag” ion source case

L R
) =28 [ a0 5O expipoco)

0

6Tn
S ICER) -

respectively. The plasma (pre-sheath) equation n; = n, can
be presented in a general form

® L dY , , bT, =
o dd Wexp[(b—l)d)]exp[a((b —(D)]lnmzc Tn,
29

where the constants a, b, ¢ are defined for the Maxwellian
source as

Bt 1 4 1 (30)
a= — = c=—,
2Tn VE BO

and for the “water-bag” source in the form

61
:1 = = —_— 1
a=1, b=6, « \/;BO, (31)

with By as defined from Eq. (2), and ®; is the potential at the
singularity point of the electric field. Further, we note the
properties as follows:

(1) Really the derivative of Eq. (29) with respect to @ at the
sheath edge equals zero,

dx
R (32)

meaning that the electric field has singularity at ® = @;.
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(2) We assume that x = 0 is an extremum (maximum) point
of the potential. Then

dx
7D @:0_ 00. (33)
(3) Derivative of Eq. (29) with respect of @ is also zero. In
fact, this derivative acts only on the part of the integrand,
which depends on the difference ® — ®. Therefore, this
derivative under the integral can be replaced with the de-
rivative with @,

O dx . d ,
Jo do Wexp[(b - l)d)]ﬁexp[a(d) — 0)]

bT,

X In——"—— =
Mo = @

0. (34)

Using Eq. (32) after the partial integration from Eq. (34),
we find

[ a0 % cxpi 10 xolat@’ ~ e

dx bT,
=—(b—1 T, —— ®|In— —00.
( )e/ Ty q)/:oexp[a | In | — —00
(35)

In Appendix, we show that the point In(® — ®) as
@' — @ does not lead to the divergence of the integral
on the left side of Eq. (35). The divergence of the inte-
gral can occur at the expense of the singularity of the
function d’x/d®* at some point. As the basic assumption
of the present model is that the potential is a monotonic
function in the interval 0 < x < x;, we may expect that
the point x = x;, where ® = @y, is the singular point of
the function dzx/ d®?, which will be shown below,

d2
e (36)
dD | g_q,
Presenting Eq. (14) in the form
x=x,— C VD - @) 37)

the relation (32) appears to be valid only for 1/a > 1,
and the relation (36) gives 1/ < 2. So summarizing the
conclusions of items (1) and (3), it follows that fulfill-
ment of relations (32) and (36) require power « to be in
the interval

1>a>1/2. (38)

(4) The derivative of Eq. (29) with respect to ® can also be
presented in a different form

Dy / / /
s dx' exp[—a(® — @')]exp[(b — 1)D']
/7 pr—
L T o —d acy/ Tn,

(39)

where the r.h.s. is obtained after the derivation of the expo-
nential function in the integrand of Eq. (29).

To simplify the analytic investigations, we further con-
sider the ion-sources with high temperatures, 7, > 1.
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According to the results by Ref. 20 (Fig. 8) and Ref. 3, at
increasing temperatures, the absolute value of the boundary
potential @, decreases and |®;| < 1 for 7, > 1. From Eq.
(30), there is also a ~ 1. Supposing in Eq. (39) ® = @, we
obtain

/T, (40)

Substituting Eq. (37) into Eq. (40) and introducing the new
variable s = |®'|/T,, we obtain

. Ll 12
~ ds @ -5 . 41)
cCl/2g T,

We assume that for 7,, > 1, the dependence of C on the tem-
perature is smooth (from Fig. 10, it follows that such an
assumption can be justified). According to the results of Ref.
31 (Fig. 3) and Ref. 20 (Fig. 8), the absolute value of the
boundary potential ®; might be assumed to decreases
approximately linearly with the increase of the temperature
in the high temperature region. Then the ratio |®,|/T, and
therefore the whole r.h.s. of Eq. (41) do not depend of T,.
We can conclude that the relation (41) as equality can be ful-
filled only for o = 2/3.

In general, we want to mention that the assumptions and
conclusions made above are confirmed by numerical calcula-
tions presented in Sec. I1I.

1) /
’ dx 1
dv— —— =
JO dd' @ — @,

1

o
RI=

C. Region of medium temperature ion-sources

An expansion of modified Bessel function Ky(z) shows
that already for z < 0.5, the higher order terms might be con-
sidered as rather small since for z = 0.5 the logarithmic term
is Inz ~ 0.65 and the next term of expansion z>/4 ~ 0.063
(e.g., Ref. 32). Therefore, one may consider that expression
|® — @'| /2T, < 0.5 or even a more conservative condition
T, > |®y| is a good estimation of the “warmness” of the ion
source. It will turn out from our numerical results that this
estimation is a crude over-restriction.

lll. NUMERICAL METHOD AND NUMERICALLY
OBTAINED SHEATH EDGE PROPERTIES

We solve the basic plasma equation of the “generalized”
Bissell and Johnson model

5 J; & exp[(ﬁ +21&) 2 - (1 +21Tn) (D(x)]
% Ko (2; () — (I)(x)|), 42)

where generalization consists in parameter f5, which charac-
terizes the ionization mechanism distribution and takes, e.g.,
value f§ = O for uniformly distributed ion source and f§ = 1
for the ion source proportional to the electron density [see,
e.g., Jeli¢ et al., 2009 (Ref. 20)]. Since the potential profile is
dependent on the ionization source, we here investigate the
difference of the results for cases f =0 and = 1. The
determination of o simultaneously with constant Cr, was
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FIG. 3. (Color online) Potential profiles for f =0 (dashed) and f =1
(solid) in the whole calculation range.

performed via the given model fitted with a different number
of end-points. The main question concerning a numerical
determination of sheath edge singularity is focused on the
qualitative and quantitative determination of potential pro-
files ®(x). We have to find with high reliability the power
alpha and constant C in the formula (14) describing the limit-
ing potential variation in front of the sheath edge (x;, ®;) for
T, > 0. Before that, it is necessary to decide what algorithm
is appropriate for reliable carrying out this task. In order to
do so, one has to be systematically familiarized with the
properties of the sheath edge for finite 7,.

In Fig. 3, we present the potential profiles obtained for
f =1 (solid lines) and f§ = 0 (dashed lines) in a wide range
of ion source temperatures. For any of particular T, potential
profiles start at @ = 0 and ends at ®; independently of value
of . However, with exception of these end points, the curves
differ in all other points, reflecting the well-known property
of the T&L solution that the plasma solution is invariant
with respect to potential but is not invariant with respect to
the spatial coordinate. Second, it is obvious that for very
small T, the said pairs of curves are so close to each other
that at Fig. 3, these pairs are indistinguishable and almost
coincide with case T, = 0. The pairs obtained for 7, = 0.1
and T, = 1 are clearly distinguishable from said “cluster” of
curves near T, = 0. For this reason, we inspect curves for
T, < 0.1 in a strongly magnified scale as illustrated in Fig. 4,
where the case f§ = 0 is made invisible for clearance. An im-
portant fact to be noted is that the numerically obtained
curve for 7, = 0.01 is an excellent approximation of the
exact analytic curve for 7, = 0, so that for practical pur-
poses, they might be substituted each by another.

Our code employs the piecewise Lagrangian interpola-
tion of order 2 or 3 in the areas of mild ®(x) gradients, so
we can perform iterations with high accuracy within wide
ion-source temperature ranges, especially in the limit
T, — 0, which is sensitive to instabilities due to the pro-
longed integration intervals caused by 1/7,, singularity [see
Eq. (42)] in the kernel. Estimation of « was performed by a
non-linear model fitting with a different number of discreti-
zation end-points. As expected, the width of approximation
near the sheath edge should be sufficiently small to
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warm ion-source models are matched under the same 0‘0500

“numerical” conditions.

For zero ion-source temperature 7, = 0, exact solution
in Eq. (20) is used with a valid ® range from O to
O, = —0.8540326565981972, which gives the system length
of Eq. (21). For a comparison with normalized system length
L =1, inverse function ®(z) can be numerically solved by
finding the root of z — x(®)/Ly = 0. Although Eq. (20) can
be evaluated to arbitrary precision, we took approach that is
compatible with our code, namely, using higher precision for
Eq. (20) and saving a potential profile in the file with com-
patible precision. To simulate high grading near the sheath
edge used in the warm case, the potential curve is positioned
at the following discrete positions

A1

X = 1-(1— : ) L i=0,1,..mp—1,
np—1

(43)

where number of points np and grading at endpoints 4; and
/2 should be similar to those used in warm case T,, > 0. Fig-
ure 5 shows behavior of our approximation algorithm
applied to the “cold” case, for which the “exact” potential
profile can be evaluated at arbitrary precision. When using
long double machine precision, approximation errors are in-
evitable. At least a 30 grid point must be used for correct «
estimation with a given number of grid points and density.
Fig. 5(a) and inset detail in terms of approximation width
w = x; —x. Fig. 5(b) shows the same details in terms of
number of approximation points n for selected grading. The
grid scale in Fig. 5(b) shows that at least 30 grid points must
be used to estimate o = 1/2. This corresponds to the approx-
imation width of w = 0.00003 as shown in the inset graph of
Fig. 5(a). The inset graphs also show that, when ruling out
tiny range where uncertainty is high, evaluation close to the
theoretical value is possible for a large number of grid

0.495
0.490

0.485

0.480 —
0 200 400 600 800 1000
n

FIG. 5. Approximation of power o for 7, = 0 with grid np = 2401 points
and density 4; = 1, A, = 2.4. The width of approximation shown in (a) with
the same number of points used in approximation »n as in grid scale (b). The
inset graphs show detailed behavior for evaluation of the o estimation crite-
rion. The dashed line in (b) suggests the extrapolation criterion.

points. This is especially true for the grid scale (b) where
also extrapolation criterion can be applied.

While VDF for the cold ion-source is the Dirac ¢-func-
tion, for the finite ion-source temperatures 7,, > 0, a variety
of VDFs are possible. For the a-approximation, we applied
the Maxwellian ion-source, as results were readily available
with various grid setups, so we could also test the grid invari-
ance. It turned out that most of the potential profiles near the
sheath edge were not accurate enough for « to be reasonably
estimated. While all previous parameters (®;, B) converged
within 10° iterations, the sheath edge detail, from which « is
approximated, needs an order of magnitude additional itera-
tions. Fig. 6 shows such o convergence for T, = 1, which
took more than three months of computation time on 16 pro-
cessors compute node and was stopped when convergence to
2/3 was observed and sufficiently precise results for o were
obtained. The calculation of the potential profiles for the
whole temperature range and different grids took more than
700 000 processor hours. Fig. 7 shows a similar decreasing
function as for the “cold” case in Fig. 5. In contrast with the
cold case, we observed here a higher gradient and systematic
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FIG. 6. Convergence of « and a corresponding optimal number of approxi-
mation points 7.

deflection that underestimates o in the “uncertainty” range.
The dashed-dotted line in Fig. 6 shows that the number of
approximation points decreases and approaches that of the
cold case. The minimal approximation width is thus depend-
ent on the “quality” of the potential profile. We took advant-
age of the convex function near the sheath edge and resolved
with the simple criterion o = oy,x, Which selects the deflec-
tion point. When ruling out the “minimal” width, any other
estimation criterion can be used to determine the sheath edge
singularity in the limit. As seen from the inset graphs, the
approximation width is still quite large.

Fig. 8 shows the increase of the grid density at a viewing
width w = 0.0001 with more that 50 discretization points in
the selected range. Origin (0,0) in Fig. 8 is the sheath edge
(x5, @y). Two distinct models are presented: the analytic so-
lution for “cold” T, = 0 T&L model and finite ion-source
temperature model with 7, = 10. We can safely assume
(because we know the analytic solution) that alpha is exactly
1/2 for T, = 0. The analytic potential profile is discretized
to correspond to the discretization used in our program code
for finite ion-source temperatures.®>*> High resolution grad-
ing near the sheath edge is required for precise treatment in
the area of interest.

We can conclude that in the limit the power law holds
and that problems with the appropriate width when
approaching w — 0 are related to numerical uncertainty.
Thus, we can find safely the power alpha with proposed
approximation and perform even better if taking into account
o(w) variation.

IV. NUMERICAL RESULTS

Dependence of oy, on T), is shown in Fig. 9 in logarith-
mic scale. We used different grids to prove invariance of «
on the grid setup. For T, > 0.05, the approximation came
within a couple of percent to the theoretical value of
o = 2/3. Entirely new result is represented by the transition
region observed approximately for 7,, < 0.05 <+ 0.1, where
we observed a sharp drop of « to another theoretical limit
o9 = 1/2. It should be noted that a potential profile for
T, = 0 is simulated from the analytic T&L solution and not
obtained from our code, and the results agree well with our
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FIG. 7. Approximation of power o for T, = 1 with grid np = 2401 points
and density 4; = 1, 4, = 2.4. The width of approximation shown in (a) with
the same number of points used in approximation n as in the grid scale (b).
The inset graphs show in detail the behavior for the evaluation of the o esti-
mation criterion.

results obtained for very small temperatures. This observa-
tion, which is well demonstrated in Fig. 4, additionally sup-
ports the reliance of our numerical results. However, the
precision of potential profiles in this region of temperatures

0.005
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0.003

O-O

S

0.002
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00008 . . 1 . . L
0.00000  0.00002  0.00004 " 0.00006  0.00008  0.00010

.0-x

FIG. 8. (Color online) Sheath edge detail for “cold” 7,, = 0 and “warm”
T,, = 10 ion-source model.
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still could be improved via forcing additional iterations that
will even better stabilize o. Precise description of behavior
in the region of medium temperatures 0 < 7, < 0.1 also
requires a number of additional points, which is a very ex-
pensive task that we postpone to be performed in future if
deemed necessary for particular purposes, but at the moment,
the results presented here meet our needs. For the present
purpose, an estimation of linear dependence on o« in the
region of medium temperatures 0 < 7,, < 0.0555 in the form

T, > 0.0555... (44)

Y { 3T,,2+%7 T, < 0.0555...
3 )

as illustrated in Fig. 9 seems to be nice and might be useful
even for quantitative purposes. Fig. 10 shows the dependence
on parameter Cr, on the ion source temperature. The reliabil-
ity of this result is confirmed by comparing the results
obtained from our fitting procedure for very small 7, with
theoretical values obtained for 7,, = 0. These results are the
only ones that are reliably known so that the validity of
results for Cr, for increasing temperature cannot be checked
by an independent method. Thus two very intriguing ques-
tions might arise regarding the shape of Cr, (T,) curves,
namely, what is the physical reason why (1) these curves are
not monotonic and (2) why the maxima of these curves and
the knees of o(T,) curves are found for approximately the
same T, (0.05 = 0.1)? We must admit that we did not find a
satisfactory answer to this question. The only physical differ-
ence between strictly cold and approximately cold ion sour-
ces is that in the first case, the final ion “temperature”
originates from the energy spread due to ion acceleration
caused by plasma local potential drop, while in the second
case, random motion plays an important role and might dom-
inate over the directional motion. The dependence of final
ion temperature 7; on the ion source (neutrals) temperature
T, is illustrated in Fig. 11. Such a dependence in a wider
range of temperatures T, can be found in the work by Kos
et al..® where it is clearly seen that with a decreased ion
source temperature profiles, 7;(®) monotonically decrease as
one approaches from the center towards the plasma bound-
ary. Non-monotonic behavior appears for very low but finite

i T TTT1717 T TTI1TT7T T TTTT11
068 | Theoretical limit a =2/3 || | | 1]
K LK R T [
0.64 Il
a
Gis0 +1/2 1
0.56 S
0.52 4
A " 1 1 1 "
0.01 0.1 T ! 10 100

FIG. 9. (Color online) Dependence of power o on the ion-source tempera-
ture T, in logarithmic scale.
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FIG. 10. (Color online) Dependence of the constant C on the ion-source
temperature 7),.

ion temperatures. Any physical explanation of the transition
region in-between should be related to the qualitative behav-
ior of ion population being not direct but just an indirect con-
sequence of the ion-source temperature. Second, the
potential profile, especially near the plasma sheath boundary,
depends on both ion stochastic and directional motion, since
these motions are directly connected to the ion density distri-
bution and so to the potential profile. So the question is what
is a characteristic difference between “cold” and “warm” ion
motion near the sheath edge. Fig. 11 shows that with very
small neutral temperatures, the ion temperature near the
sheath edge does not necessary increase with increased neu-
tral temperature. This results from the competition between
the directional and random motions. The contribution of the
neutral random motion to the total ion temperature is always
dominant in the center of the plasma, while near the sheath
edge, it is more complex because a slight increase of the ran-
dom contribution is followed by a decrease of the sheath
potential drop. Consequently, with a slight increase of the
random ion, the motion ions acquire less energy at the sheath
entrance than in the cold neutral case. So, quite surprisingly,
the sum of random and directional energy near the sheath
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FIG. 11. Dependence of ion temperature T; on the local potential for small
ion-source temperatures 7.
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edge might be lower than in the cold ion-source case. This
behavior is clearly illustrated in our Fig. 11: while for
increased ion-source temperature, the total ion temperature
increases at any point (e.g., curves T, = 0.66, T, = 0.50,
and T, = 0.33 are one above other, respectively), without
any touching or intersecting each other, in cases T,, = 0.33,
T, = 0.025 there is an “inverse” behavior in the vicinity of
the sheath edge and these curves intersect 7, = 0 curve and
each other.

A possible separatrix of the described two behaviors
might be estimated as the “critical” ion source temperature,
but we will not perform this task even if this possible separa-
trix falls in the 7), = 0.05 < 0.1 region, because we are aware
that this will not prove anything. Anyway, we draw attention
to the “temperature inversion” effect as the only one that we
found to be strongly related to the ion-source temperature
increase from singular to regular ion-source cases.

V. DISCUSSION AND CONCLUSION

The problem of value in the power law for determining
the potential profile near the plasma singularity point is
solved for particular Maxwellian and water-bag velocity dis-
tributions via both the appropriate analytic approximation
method and numerical calculations. The results show that
with “cold” ion sources in both particular cases of velocity
distribution functions, the dependence x(®) is parabolic
(power 1/o. = 2), while in the case of “warm” ion sources, it
is fractional (power 1/o = 3/2). Moreover, this holds inde-
pendently on the uniformity of the ion source strength. There
is a very narrow region between these two limiting cases
which we are unable to describe with the analytic method
and where the power law can be derived only via the numeri-
cal method. Finding a reliable empirical formula in the inter-
mediate region (between high and vanishing ion source
temperatures) is a task postponed for the future. For the pres-
ent purposes, we recommend adopting a linear dependence
o, for 0 < T,, < 0.17T,. Our analytic and numerical procedure
for the first time estimates the previously unknown width of
the “gap” between high and small ion source temperatures
where none of fractional power is appropriate for approxi-
mating the potential profile. Second, in contrast with the pre-
vious assumption that the power law o =2/3 holds for
temperatures satisfying, e.g., T, > ®; (where ®y(T,) is the
value of the potential at the singularity point x;), it turns out
that this power law holds with high reliability in a much
wider range of ion source temperatures, i.e., even for
T,>0.05+0.1.

The old results from 1991 (Ref. 1) according to Rie-
mann may be considered as “more than being just an estima-
tion, but less than being proved.”* That means that a
calculation of the power law for at least one particular ion
source velocity distribution has so far remained an opened
task to be solved. Our investigation is an explicit calculation
via using particular ion source velocity distribution func-
tions, i.e., Maxwellian and water-bag. So his general results
may be considered now as finally explicitly confirmed and
furthermore extended as valid to a much wider range of va-
lidity than supposed up till now.

Phys. Plasmas 18, 053507 (2011)

We propose a crude empirical formula o = 37, 4+ 1/2
describing the dependence o on T}, in the “gap” between the
two solutions obtained analytically and numerically for the
rational powers of a potential profile. Due to a very narrow
range of validity of this non-rational power dependence, it
turns out that estimating the validity of the power law for ex-
perimental plasmas should be a rather demanding task, since
it is difficult to know the ion source temperature with high
reliability. The neutral ion source temperature is for sure not
equal to the room temperature but it should be higher due to
many binary processes, e.g., charge exchange. It seems to be
much “safer” to predict the potential profile in really
“warm,” i.e., fusion-like plasmas, than in “ordinary” labora-
tory plasmas, where the ion-source temperature is low but
never zero and never equal to the room temperature. As is
the case, it turns out that the concept of high, medium, and
low ion temperature should be carefully used in future theo-
retical and engineering investigations before definitely
applying any power law to the boundary of a particular
plasma, but the present investigation provides a good basis
for a relevant decision on proper «. Finally, we conclude that
the present investigation is a new basis for any possible
future investigations on scaling laws in the intermediate
plasma sheath region.
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APPENDIX: THE DIVERGENCE PROBLEM

In order to simplify the estimation, we assure that
|®;| < 1 and consider the integral

@, 2.

‘ dx bT,

dd ——In—"—=1. Al

J, M=o v
In the interval of integration, we pick out the point ® = ®,

I =1 +1, (A2)
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O—-AD Dy 2./
s d bT,
I = {J ch)’+J a0 L (A3)
0 D+AD do” |0 — |
D+AD 2./
d°x bT,
I = dd' ——In———"—. A4
? LI)—A(D do? | — @ (A

Assuming that AD is small (A® > 0), we can [Eq. (A4)] rep-
resent in the form

d2x

Lzﬁigayi

O+AD
bT,
: J dd' In— " (AS)
D

a0l O — @

In Eq. (A5), we have used the fact that the function x = x(®)
is monotonic in interval ®; < ® < 0. From Eq. (AS), we
find
d*x'
y =l 2{A®InbT, — AD(InAD — 1)} < co. (A6)
dO” |y o

Hence, really the point ® = ® does not lead to the diver-
gence of the integral in Eq. (35).
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