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The paper presents a comprehensive kinetic theory of the famous Tonks–Langmuir model of a

plane symmetric discharge, taking into account the thermal motion of ion source particles. The ion

kinetics is governed by the ionization of neutrals at electron impacts. The plasma consisting of

Boltzmann distributed electrons and singly charged ions is in contact with the absorbing negative

wall. The derivations are performed in the frame of the “asymptotic two-scale” approximation,

when the ionization mean-free path Li is much larger than the electron Debye length kD. In the

limit ðkD=LiÞ ! 0, the plasma-wall transition (PWT) layer can be split into two sublayers: a

quasineutral presheath (PS) (with the scale-length Li) and the Debye sheath (DS) (with the scale

kD). Such a subdivision of the PWT layer allows to investigate these sublayers separately and

simplify the analysis of the influence of the ion source thermal motion (this has been neglected in

the major part of publications up to now). The uniform description of the PWT layer as a single

unit is complicated by the singular presheath and sheath structure and by a coupling with the

eigenvalue problem originating from the plasma balance in the bounded system. The issue is

clarified both analytically and numerically by construction of a matched asymptotic expressions.

The equation and the length-scale governing the transition between neighboring PS and DS

sublayers are derived. The eigenvalue problem combining the wall potential, the wall location, and

the ionization mean-free path is discussed. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4885638]

I. INTRODUCTION

The Tonks–Langmuir (T&L) model1 of the plane sym-

metric discharge is a “touchstone” for the plasma physics

community, engaging the plasma-wall transition (PWT)

problem. The possibility to obtain clear and transparent ana-

lytic results makes this model a very suitable bridgehead to

provide new approaches and generalizations. The T&L

model implies a weakly ionized one-dimensional plasma

discharge confined by two parallel absorbing walls. The elec-

trons are assumed to be Boltzmann distributed and ions are

provided by electron impact ionization of neutrals. Due to

mathematical difficulties and the non-triviality of the physi-

cal interpretation of results in the PWT theory, usually two

main approximations are used: (i) The concept of the asymp-

totic two-scale (A2S) approximation2 and (ii) the thermal

motion of ion source particles is neglected, assuming the

temperature of the ion source to be small.

The concept of the A2S approximation refers to the

smallness of the electron Debye length kD in comparison with

the smallest mean-free paths ‘ from the collision processes

considered in the given discharge model. In the T&L model,

this is the ionization mean-free path Li, ‘ ¼ Li. In the limit

kD=‘! 0, the PWT layer can be split into two sublayers: the

presheath (PS) (with the characteristic scale-length ‘) and the

Debye sheath (DS) (with the characteristic scale-length kD),

which allows to investigate these sublayers separately from

each other. The thin Debye sheath with its prevailing positive

charge shields the quasineutral presheath from the wall,

charged negatively. The presheath–sheath interface is distin-

guished by the electric field singularity,3,4 indicating the

breakdown of the quasineutrality condition at the presheath

edge and the fulfillment of the Bohm criterion5 in the mar-

ginal form. The electric field singularity from the presheath

side indicates that in the frame of the A2S limit the subse-

quent interface is infinitely thin on the presheath x=‘-scale (x
is the coordinate), while from the sheath side (i.e., on the

sheath scale x=kD) the sheath edge is shifted into the infinity,

where the electric field is zero.6,7 Obviously, the presheath

and the sheath cannot be matched smoothly without account-

ing for the transition region on an intermediate scale.4,7 The

intermediate scale refers exclusively to the transition region,

where on the one hand, the quasineutrality condition to be

violated and, on the other hand, ionization begins to become

important. In other words, in the transition region both, the

space charge and the ionization give small but finite contribu-

tions of the same order.

We start solving the kinetic problem from the plasma

center and proceed to the wall. We use the definitions of the

ion distributions function in the Debye sheath the condition

at the presheath–sheath interface as a boundary condition.

This procedure convenient for the PWT layer description is

intrinsically connected with an eigenvalue problem—the
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wall position is not a priori given, but is an eigenvalue of the

problem. This reflects the fact that the ion production rate

must be equal to the rate of ions lost at the wall (“plasma bal-

ance”).4 Moving towards the wall the eigenvalue problem is

simply solved by cutting all solutions at that position, where

the wall boundary condition, U ¼ Uw is fulfilled (U is the

electric potential). An analytic hydrodynamic description of

the classical T&L model was realized in Ref. 7, where the

ion source is also assumed to be cold. In Ref. 6 is formulated

the comprehensive kinetic theory of the T&L model in the

frame of the A2S limit using again the same approximation

of cold ion source.

To present time, several papers8–13 have been published,

where the thermal motion of the neutral gas is taken into

account. But, in all these papers, the characteristics of only

quasineutral presheath are investigated (In citations above,

to our knowledge, the complete number of papers dedicated

to the problem is given).

In the present paper, the comprehensive kinetic theory

of the whole PWT layer in the T&L model with hot neutrals

is formulated. Using the A2S approximation, two neighbor-

ing sublayers—the PS, and the DS are separately studied. It

is shown that the Bohm criterion at the PS–DS interface is

valid also in the case of hot neutrals. The intermediate region

is defined, which bridges the PS and he DS and provides for

the smooth transition between these sublayers. The eigen-

value problem for definition of the wall position is discussed

in Sec. IX.

II. THEORETICAL BACKGROUND

The general formulation of the problem of the plane-

parallel symmetric discharge—shown in the schematic

diagram, Fig. 1—consists of simultaneous solving of the

Boltzmann kinetic equation for ion velocity distribution

function (VDF) fi(x,v),

v
@fi

@x
� e

mi

dU
dx

@fi

@v
¼ Siðx; vÞ ; (1)

and Poisson’s equation

� d2U
dx2
¼ e

e0

ðni � neÞ: (2)

The source term Si(x, v) on the right-hand side of Eq. (1)

describes microscopic processes assumed for a particular

scenario of interest, x being the Cartesian space coordinate, v

the particle velocity, e the positive elementary charge, mi the

ion mass, UðxÞ the electrostatic potential at position x, e0 the

vacuum dielectric constant, and ni,e are the ion and electron

densities, respectively. The source term Si(x,v) can be

defined in a fairly general form

Siðv; xÞ ¼ RnnneðxÞfn
v

vTn

� �
H

miv2

2

� �
; (3)

where R is the ionization rate, nn is the density of ion source

particles with certain velocity distribution function fnðv=vTn
Þ

(which is in our case uniform over the system); the electrons

follow the Boltzmann distribution. Under ne(x) in Eq. (3),

further, we imply neðxÞ ¼ n0 expðbeUðxÞ=kTeÞ with n0 the

electron density at x¼ 0. The parameter b characterizes the

rate of ion generation per unit volume: when b¼ 0 the rate is

uniform; when b¼ 1, the rate is proportional to the electron

density. The values of b greater than unity correspond to

those cases where ion generation due to ionization is a multi-

ple stage process dependent upon the electron density;3

vTn
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kTn=mn

p
(it is assumed that for the present investiga-

tion the neutral atom mass mn is equal to the ion mass mi and

Tn is the ion source or, alternatively, or the ion temperature

at the point of ionization. The effective ion temperature

should be calculated from the final VDF of ions the neutral

gas temperature.12 H(z) denotes the Heaviside step function,

which is introduced to comply with the positiveness of the

kinetic energy of the born ion. The wall’s potential is

assumed to be floating. The corresponding requirement that

the ion current must be equal to the electron current Ci¼Ce

at the wall leads to writing

Ci ¼ LRnnne;av;

Ce ¼
1ffiffiffiffiffiffi
2p
p vTe

n0 exp
eUw

kTe

� �
;

(4)

where vTe
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kTe=me

p
, and me, Te are the electron mass and

electron temperature, respectively, while Uw is the wall poten-

tial as indicated in Fig. 1. The expression for the ion flux in

Eq. (4) can be determined from the continuity equation

@Ci

@x
¼ RnnneðxÞ: (5)

In Eq. (4), ne,av represents average value of the electron den-

sity over the system8

ne;av ¼
1

L

ðL

0

dx neðxÞ:

The plates in Fig. 1 at 6L are assumed to be perfectly

absorbing. Although the plates are grounded in an experi-

ment, it is convenient to take the potential at the discharge

center as referential, i.e., the electrostatic potential UðxÞ is

assumed to be monotonically decreasing (for x> 0) and is

defined to be zero at x¼ 0. With the help of an auxiliary

function

Fn
v

vTn

� �
¼

ffiffiffiffiffiffi
2p
p

� vTn
fn

v

vTn

� �
: (6)

FIG. 1. The geometry and coordinate system.
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The source term in Eq. (3) acquires the form

Siðx; vÞ ¼
1

L
BneðxÞFn

v

vTn

� �
H

miv2

2

� �
; (7)

B ¼ 1

2p

ffiffiffiffiffiffiffiffiffiffiffi
Te

Tn

mi

me

r
n0

ne;av
exp

beUw

kTe

� �
: (8)

Quantity B (originally introduced in Ref. 8) is related to the

ionization frequency �i, and the characteristic ionization

length Li is defined as

�i ¼ Rnn ¼ B

ffiffiffiffiffiffi
2p
p

L
vTn
; and Li ¼

cs

�i
¼ L

B

ffiffiffiffiffiffiffiffiffiffi
Te

2pTn

r
: (9)

The general solution of Eq. (1) with the source term (7) is

f 6
i ðx; vÞ ¼ fi

6
v2 þ 2e

mi
UðxÞ

� �
6

B

L
n0

�
ðx dx0ffiffiffiffiffi

v02
p exp

beUðx0Þ
kTe

� �
Fn 6

ffiffiffiffiffi
v02
p

vTn

 !
Hðv02Þ;

(10)

where

v02 ¼ v2 � 2e

mi
Uðx0Þ � UðxÞ
� �

: (11)

In Eq. (10), f 6
i denotes the VDF of the ions moving in the

positive (“þ”) and negative (“�”) directions of the x-axis,

respectively. The point (x0,v0) in the phase-space (see Fig. 1)

is the point of the ion birth. The ion velocity at the observa-

tion point we can find from the energy conservation law

(11). Further, we consider the symmetric distribution of ion

source, when

Fn þ
v

vTn

� �
¼ Fn �

v

vTn

� �
: (12)

Functions �f
6

i ðx; vÞ are arbitrary functions corresponding

to the homogeneous part of Eq. (1) to be constrained by con-

ditions as follows:

(a) at the center of the system, x¼ 0, the velocity distribu-

tion function must be symmetric in the velocity space

fþi ð0; vÞ ¼ f�i ð0; vÞ, and

(b) we assume that there is a point xs¼ Ls (“the pre-sheath

edge”, see the end of Sec. IV) beyond which there are

no ions with the negative velocity, f� (Ls, v)¼ 0.

From the condition (a), we find the following connection

between �f
þ
i ðv2 þ 2eUðxÞ=miÞ and �f

�
i ðv2 þ 2eUðxÞ=miÞ arbi-

trary functions

�f
þ
i ðv2 þ 2eUðxÞ=miÞ þ

B

L
n0

�
ð0 dx0ffiffiffiffiffi

v02
p exp

beUðx0Þ
kTe

� �
Fn þ

ffiffiffiffiffi
v02
p

vTn

 !
Hðv02Þ;

¼ �f
�
i ðv2 þ 2eUðxÞ=miÞ �

B

L
n0

�
ð0 dx0ffiffiffiffiffi

v02
p exp

beUðx0Þ
kTe

� �
Fn �

ffiffiffiffiffi
v02
p

vTn

 !
Hðv02Þ; (13)

and by means of the second (b) condition, f� (Ls, v)¼ 0, we

find

�f
�
i ðv2þ 2eUðxÞ=miÞ

¼ B

L
n0�

ðLs dx0ffiffiffiffiffi
v02
p exp

beUðx0Þ
kTe

� �
Fn �

ffiffiffiffiffi
v02
p

vTn

 !
Hðv02Þ: (14)

Substituting Eq. (14) into (13), we obtain

�f
þ
i ðv2 þ 2eUðxÞ=miÞ

¼ �B

L
n0

ð0 dx0ffiffiffiffiffi
v02
p exp

beUðx0Þ
kTe

� �
Fn þ

ffiffiffiffiffi
v02
p

vTn

 !
Hðv02Þ

þB

L
n0

ðLs

0

dx0ffiffiffiffiffi
v02
p exp

beUðx0Þ
kTe

� �
Fn �

ffiffiffiffiffi
v02
p

vTn

 !
Hðv02Þ: (15)

After straightforward calculations, we obtain the following

solution of the Boltzmann kinetic equation for the arbitrary

symmetric distribution function of the ion source:

fþi ðx; vÞ ¼B
n0

L

ðx
0

dx0 þ
ðLs

0

dx0

8><
>:

9>=
>;Fn þ

ffiffiffiffiffi
v02
p

vTn

 !

� 1ffiffiffiffiffi
v02
p exp

beUðx0Þ
kTe

� �
Hðv02Þ; (16)

(where brackets
Ð� �

denote integral operator) and

f�i ðx; vÞ ¼B
n0

L

ðLs

x

dx0Fn �
ffiffiffiffiffi
v02
p

vTn

 !

� 1ffiffiffiffiffi
v02
p exp

beUðx0Þ
kTe

� �
Hðv02Þ: (17)

In Eqs. (16) and (17), the velocity v0 is defined by expression

(11). It is necessary to mention that the similar solutions are

found by Riemann14 using a different boundary condition

(see the boundary condition (a) used by us above). As the

definition of the ion density we have

niðxÞ ¼
ð1

0

dv fþi ðv; xÞ þ f�i ðv; xÞ
� �

: (18)

III. MAXWELLIAN ION-SOURCE

For the Maxwellian source the auxiliary function (6)

takes the form

Fn
v

vTn

� �
¼ exp � v2

2v2
Tn

 !
: (19)

In non-dimensional variables,

vffiffiffi
2
p

cs

! v;
eUðxÞ

kTe
! UðxÞ; x

Li
! x;

ni;e

n0

! ni;e; cs ¼
ffiffiffiffiffiffiffi
kTe

mi

r
;

Ls

Li
! Ls; (20)
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and with the non-dimensional parameter

s � Te

Tn
! 1

Tn
; (21)

the ion density for the Maxwellian ion source takes the form

niðxÞ ¼ 2 �B

ð1
0

dv
ðLs

0

dx0 expðbUðx0ÞÞ

� exp �s½v2 � Uðx0Þ þ UðxÞ�
� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � Uðx0Þ þ UðxÞ

p
� H½v2 � Uðx0Þ þ UðxÞ�; (22)

�B ¼ Li

L
B: (23)

The integral over x0 in Eq. (22) can be split into two partsðLs

0

dx0ð…Þ ¼
ðx

0

dx0ð…Þ þ
ðLs

x

dx0ð…Þ: (24)

In the first interval (0, x) of the integration holds

Uðx0Þ � UðxÞ � 0, and in the second Uðx0Þ � UðxÞ � 0. This

allows us to use the cut-off property of the H-function, and

finally, we find

niðxÞ ¼ �B

ð1

0

dx0 exp½bUðx0Þ�exp
s
2

Uðx0Þ � UðxÞ
� �� �

� K0

s
2
jUðx0Þ � UðxÞj

� �
: (25)

In obtaining Eq. (25), the relation

2

ð1
0

expð�sx2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2
p ¼ exp

s
2

a2

� �
K0

sa2

2

� �
; (26)

with K0(z)—the modified Bessel function of zeroth order

was employed. Equation (25) coincides with the expression

for the ion density used in Refs. 8 and 9.

The expansion of K0(z) for the small and large argu-

ments are15

K0ðzÞ ¼ ln
2

zcE

1þ z2

4

	 

þ z2

4
þ O

z2

4

� �2
" #

; z	 1 (27)

K0ðzÞ ’
ffiffiffiffiffi
p
2z

r
e�z 1þ O

1

z

� �	 

: z
 1 (28)

In Eq. (27), cE ¼ expðCEÞ ¼ 1:78107, where CE is the

Euler-Mascheroni constant. From Eq. (27), it follows that

already for z � 0.5, we can neglect the high order terms and

assume

K0ðzÞ ’ ln
2

zcE

: (29)

Really, for z¼ 0.5, the logarithmic term is ln z ’ 0:65 and

z2=4 ’ 0:063	 ln z.

IV. THE PRESHEATH IN THE WARM ION-SOURCE
CASE

Below, we consider the case of the ion-source with high

temperatures, when

Tn � jUsj: (30)

Under this condition, which can be considered as a

“warmness” condition of the ion source, we are able to real-

ize analytic calculations whose results can be compared and

confirmed by numerical ones.

For the argument of the modified Bessel function in the

integrand of Eq. (25), we have the following estimation

jU0 � Uj
2Tn

� jUsj
2Tn

; (31)

and according to the discussion given at the end of Sec. III

[see Eq. (29)] and the condition (30) from Eq. (25) we find

niðxÞ ¼ �B

ð1

0

dx0 exp½bUðx0Þ�exp
1

2Tn
½Uðx0Þ � UðxÞ�

	 


� ln
4Tn

cEjUðxÞ � Uðx0Þj

� �
: (32)

In the dimensionless variables, Poisson’s equation acquires

the form

�e2 @
2U
@x2
¼ ni � exp½UðxÞ�; (33)

where e ¼ kD=Ls with the electron Debye length kD

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0kTe=ðe2n0Þ

p
. In fact e, represents the measure of the

quasineutrality degree. The second term in the right-hand

side (rhs) of Eq. (33) presents the normalized density of

Boltzmannian electrons. The definition of the potential shape

we start from the pre-sheath (plasma) equation, when e¼ 0

and the quasineutrality condition

ni ¼ exp½UðxÞ�; (34)

is fulfilled. Using (32), Eq. (34) can be presented in the formðUs

0

dU0
dxðU0Þ

dU0
exp½ðaþ b� 1ÞU0�

� ln
4Tn

cEjU0 � Uj

� �
¼ C exp½aU�: (35)

Constants a, C are defined as follows:

a ¼ 1þ 1

2Tn
; C ¼ 1

�B
¼

ffiffiffiffiffiffiffiffiffiffi
2pTn

p L

Li
; (36)

and Us ¼ UðxsÞ. After introducing quantity dx=dU, in fact,

the task consists of deriving the dependence x ¼ xðUÞ
(inverse to the function U ¼ UðxÞ) from integral Eq. (35) of

the Fredholm type with the logarithmic kernel.

The solution of the equation of such type, found by

Carleman, is given in Ref. 16, pp. 428–429. This solution for

our Eq. (35) looks like
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dx0

dU
¼C exp½�ðaþ b� 1ÞU�

p2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
UðUs � UÞ

p

� a

ð
6

0

Us

dt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðUs � tÞ

p
t� U

expðatÞ

8><
>:

� p

ln
16Tn

cEjUsj

� � exp
aUs

2

� �
I0

aUs

2

� �9>=
>;
; (37)

where I0ðzÞ ½¼I0ð�zÞ� is the zero order Bessel function of an

imaginary argument. The notation
Ð
6 indicates the principal

part of integral. From (37), it follows that the inverse poten-

tial profile x0 ¼ x0ðUÞ explicitly depends on the ionization

factor C,

x0ðUÞ ¼
2

p2
C� �aUs

ð
6

1

0

dq�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qð1� qÞ

p
eþaUsq

8><
>:

�
ðffiffiffiffiUUs

p

0

dze�ðaþb�1ÞUsz
2ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z2
p

ðq� zÞ
þ p

ln
16Tn

cEjUsj

� � e
aUs

2

� I0

aUs

2

� � ðffiffiffiffiUUs

p

0

dze�ðaþb�1ÞUsz
2ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z2
p

9>>=
>>;: (38)

Following the conventional terminology,6,7,17 the solution

(38), further, we will call “the outer” solution of the two

scale analysis. By analogy, the solution describing the actual

Debye sheath (see Sec. VI) is called “the inner” solution.

The dependence described by Eq. (38) is illustrated in Fig. 2.

The numerical solution for the pre-sheath (plasma)

potential profile in the general case, when the kernel of the

expansion for the ion density (25) contains the modified

Bessel function K0(z), is also given in Fig. 2. A comparison

of curves in Fig. 2 shows a satisfactory coincidence of the

analytic dependence (38) with the numerical ones for high

temperatures from the range (30).

The derivative (37) starts with the singularity at U ¼ 0

(the minimum of the potential shape) in the center x¼ 0 and

becomes zero at the point x¼ xs, where the expression in the

bracket (37) equals to zero. From (37), for the point xs, we

can construct the equation

1þ 2

aUs ln
16Tn

cEjUsj

� �
8><
>:

9>=
>;

I0

aUs

2

� �
¼ I1

ajUsj
2

� �
; (39)

where I1(z) is the first order Bessel function of an imaginary

argument.

The point xs, where U ¼ Us, corresponds to the electric

field singularity and the ultimate breakdown of the quasi-

neutrality approximation expressed by Eq. (34). As usual,18

the electric field singularity point represents the sheath en-

trance (or the presheath edge).

The two-scale problem of a plane plasma-wall transition

layer, which means kD 	 Ls, implies the plasma or the pre-

sheath region (scale Ls) quasineutral, and the sheath (scale

kD) to be influenced by space charge. In contrast to the more

extended presheath, where various effects (in our case ioni-

zation) take place, the thin sheath is assumed to be

collisionless.

The ions, born at the neutrals’ ionization by electron

impact, acquire the negative velocity only due to the velocity

spreading (also in the negative direction) of the ion source

distribution function. In the sheath, where the electron-

neutral collisions are absent, an ion cannot be born and con-

sequently in sheath, it means beyond the presheath edge,

there are no ions with the negative velocities. This is a reason

of the formulation of the condition (b) in Sec. II and choice

of Us as upper limit in the integrals in Eqs. (16) and (17).

The dependence of the potential Us at the singular point

on the temperature found from Eq. (39) is given in Fig. 3.

This dependence is in accordance with the numerical results

for Tn > 1. After finding Us, we can determine xs from (38)

[see Fig. 4].

FIG. 2. Calculated potential profiles Uðx0Þ described by Eq. (38) (solid

lines) and numerically obtained potential profiles U ¼ UðxÞ (dashed lines

nearby) scaled to Li¼ 1 [in the dimensionless units, see Eq. (20)] for b¼ 1.

FIG. 3. Sheath edge potential UsðTnÞ from Eq. (39) (solid line) and numeri-

cally obtained sheath edge potential (scattered).
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As it is mentioned above, the ion source VDF contains

in the velocity space the regions with velocities directed in

both positive and negative directions. Consequently, newly

born ions acquire velocities directed also in opposite direc-

tions. Therefore, the averaged ion velocity decreases in com-

parison with its value obtained if Tn¼ 0 and neutrals are

motionless.7 With increase of the ion source temperature, Tn,

the ion average velocity obviously should decrease. This

leads to the increase of the ion density and, according to the

quasi-neutrality condition (34), to the decrease of the abso-

lute value of the potential jUj; ðU < 0Þ, including of the

pre-sheath edge potential jUsj, simultaneously, the steepness

of the potential shape in the Pre-sheath must decrease.

Corresponding dependencies of the steepness and on are

quite visible.

Using the relation to find the sheath edge potential Us

[namely, the equality of the second term in the brackets in

the right-hand side of Eq. (37) to the first one at U ¼ Us], we

can represent Eq. (37) in the form

dx0i

dU
¼ Ca

p2

exp½�ðaþ b� 1ÞU�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
UðUs � UÞ

p ðU� UsÞ

�
ð
6

0

Us

dt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðUs � tÞ

p
ðt� UÞðt� UsÞ

expðatÞ: (40)

This equation allows to determine the potential profile close

to the sheath edge, when U ’ Us

dxoi

dU
’ �A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U� Us

p
; (41)

or

xoi ¼ xs �
2

3
A U� Usð Þ3=2; (42)

where

A ¼ 2Ca

p2

exp½�ðaþ b� 1ÞUs�ffiffiffiffiffiffiffiffi
jUsj

p
� @

@Us

ð
6

0

Us

�dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jtjðt� UsÞ

p
eat

ðt� UÞ

����
U!Usþ0

> 0: (43)

The dependence of the coefficient A on Tn (or Us)

is given in Fig. 5. If coefficient A is transformed with

CTn
¼ ð2

3
AÞ�2=3

for another definition10 of the sheath edge

singularity, we obtain CTn
ðxs � xÞ2=3 ¼ U� Us.

Obviously, the relations (41) and (42) are valid for

U � Us (we remind that U � 0 and Us � 0) and are in ac-

cordance with the results of Ref. 10. Quite formally, the rela-

tions (41) and (42) can be extended for the region where

U � Us, assuming

dx0

dU
¼ �AjU� Usj1=2: (44)

According to Refs. 6 and 7 for the smooth connection of the

presheath and the sheath solutions, the potential curve near

the sheath edge xs must be symmetric (e.g., for small region

from U > Us and U < 0 sides). The expression (44) realizes

such a symmetry. The reason for such a extension will be

seen from the results given in Secs. VI and VII. So, instead

of Eq. (42) we will use

x0 ¼ xs þ
2

3
AðUs � UÞjUs � Uj1=2: (45)

Solutions (42) and (45) can be interpreted as an “inner”

expansion of the “outer” solution.10

V. BOHM CRITERION

The quasineutral plasma (presheath) ends with the elec-

tric field singularity. The corresponding point defines the

presheath edge and can not be considered as a wall

boundary.

In the frame of the A2S, the presheath should be supple-

mented by the sheath, where the space charge effect can no

longer be neglected. The width of the sheath is of the order

of the electron Debye length, and it is assumed to be ioniza-

tionless. Therefore, the ion distribution function in the sheath

can be found from the homogeneous kinetic equation, that

means from Eq. (1) with zero on the right-hand side. Hence,

the ion distribution function in the sheath �f sðEÞ can depend

only on the total ion energy E ¼ mv2=2þ eU. The explicit

FIG. 4. Dependence of xs(Tn) for Tn � jUsj (solid for b¼ 1 and dashed for

b¼ 0) in comparison with numerically obtained xs (blue, scattered).
FIG. 5. Coefficient A from Eq. (43) (solid and dashed) and numerically

obtained A (scattered) for different b.
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form of this dependence can be found from the coincidence

condition of �f sðEÞ at the sheath edge x¼ xs with the ion dis-

tribution function (16) in the pre-sheath.

According to considerations given at the end of Sec. IV,

in the sheath, there are no ions born there with negative

velocities. Hence the sheath ion distribution �f sðU; vÞ can be

simply obtained by shifting of fþi ðU; vÞ [see Eq. (16)] to the

lower potential U � Us. Introducing the new integration

variable U00 ¼ U0 � Us, we represent the sheath ion distribu-

tion in the form

fsðv;UÞ ¼ fsðv2 � vÞ

¼ 2 �B
n0ffiffiffi
2
p

cs

ð�Us

0

dU00
dx0ðU00Þ

dU00
Fnð

ffiffiffiffiffi
2s
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2 � v� U00
p

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � v� U00

p
� exp bðUs þ U00Þ

� 
Hðv2 � v� U00Þ: (46)

Here, Us < 0; U < 0 and v ¼ Us � U � 0. It should be men-

tioned that the necessary sheath edge condition,

�f sðUs; v ¼ 0Þ ¼ 0; (47)

is fulfilled, and also from (46) it follows that �f sðv;UÞ ¼ 0 at

v2 � v. We remind that for Maxwell distributed ion source

Fn in (46) is defined by the relation (19). Further, we use the

method given in Ref. 6. For the ion density, considering it as

a moment of the “zero order,” we have

ni ¼
1

2

ð1
v

y�1=2 �f sðy� vÞdy: (48)

For the “nth-order” moment, we find

Mn ¼
1

2

ð1
v

yn�1=2 �f sðy� vÞdy; (49)

or

Mn ¼
1

2

ð1
0

dy0ðy0 þ vÞn�1=2 �f sðy0Þ: (50)

From (4) follows the recurrence relation

dMn

dU
¼ � n� 1

2

� �
1

2

ð1
0

dy0ðy0 þ vÞn�1�1=2 �f sðy0Þ

¼ � n� 1

2

� �
Mn�1: (51)

At the sheath edge, nis ¼ expðUsÞ and consequently

M0s ¼ ns ¼ expðUsÞ. Then according to (51),

M�1s ¼ 2 ns: (52)

Finally, from (49), we find

1

2ns

ð1
0

dy

y3=2
�f sðyÞ ¼

1

v2

� �
s

¼ 2: (53)

It means that the kinetic Bohm criterion is fulfilled in the

marginal form also in the case of hot neutrals. In the integral

(53) does not arise a mathematical difficulty due to diver-

gence if the integrand at the point y � v2 ¼ 0, as at this point

the distribution function vanishes [see Eq. (47)].

VI. ANALYSIS OF AN ASYMPTOTIC SHEATH

Using the sheath scale ð’kDÞ and introducing corre-

sponding coordinates Poisson’s equation, we can write in the

form

d2v

dn2
¼ ni � ne; (54)

where

n ¼ ðx� xrÞ=e and v ¼ Us � U: (55)

xr is an arbitrary reference point allowing a suitable choice

of origin for the sheath coordinate n. Further, we will again

follow the procedure given in Ref. 6. Relating the potential

to the sheath edge from (48) for the ion and electron den-

sities, we find

niðvÞ ¼
1

2

ð1
0

dyffiffiffiffiffiffiffiffiffiffiffi
vþ y
p fsðyÞ; (56)

neðvÞ ¼ expðUs � vÞ: (57)

Further, we will use the following boundary condition:

dv=dn! 0 at v! 0. After integration from (54), we obtain

dv
dn
¼ 2

ð1
0

dy�f sðyÞ
ffiffiffiffiffiffiffiffiffiffiffi
vþ y
p

� ffiffiffi
y
p� 
þ 2eUs e�v � 1½ �

	 
1=2

:

(58)

We give Eq. (58) in the form that is more convenient for nu-

merical calculations

n� nw ¼
ðv
vw

dw

2½WðwÞ þ expðUs � wÞ � expðUsÞ�
� �1=2

; (59)

where nw and vw are the wall coordinate and the relative

potential at the wall, and

WðwÞ ¼
ð1

0

dy fsðyÞ½
ffiffiffiffiffiffiffiffiffiffiffiffi
wþ y

p
� ffiffiffi

y
p �: (60)

The smallness of the relative potential in the vicinity of

the sheath edge v	 1 allows us to find the analytic expres-

sion for the potential shape there.;in other words, to find

the “outer” expansion of “inner” (sheath) solution (59).

Obviously, the numerical solution of Eq. (59) must coincide

with this analytic expression in the indicated region. We start

with expansion of the ion and electron densities

niðvÞ ¼
X1
�¼0

a�v
�=2; (61)

neðvÞ ¼ expðUsÞ
X1
�¼0

b�v
�; (62)
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where

a2n ¼
ð�1Þn

2n!

ð1
0

dyffiffiffi
y
p

dn �f sðyÞ
dyn

; (63)

a2nþ1 ¼
pð�1Þnþ1

2ðnþ 1
2
Þ!

dn �f sðyÞ
dyn

����
y¼0

; (64)

bn ¼
ð�1Þn

n!
: (65)

(The detailed calculations to obtain Eqs. (63) and (64) one

can find in Refs. 6 and 18.) For the Poisson equation (54),

we then have

d2v

dn2
¼
X
�

c�v
�=2; (66)

where

c� ¼
a2n � bn expðUsÞ for � ¼ 2n;
a2nþ1 for � ¼ 2nþ 1:

	
(67)

For coefficients c� , we have

1. according to the quasineutrality condition at the sheath

edge

c0 ¼
1

2

ð1
0

dyffiffiffi
y
p �f sðyÞ � expðUsÞ ¼ 0; (68)

2. due to boundary condition (47) for the distribution func-

tion at the sheath edge

c1 ¼ �
1ffiffiffi
p
p �f sð0Þ ¼ 0; (69)

3. and the Bohm criterion, presented in the form (52), gives

c2¼ 0.

Therefore, apparently the first non-vanishing coefficient in

the series (66) is

c3 ¼
2

3

d�f sðyÞ
dy

����
y¼0

: (70)

Neglecting higher order terms from (66), we find

nio ¼ n0 � 2

ffiffiffiffiffi
5

c3

s
1

v1=4
: (71)

The integration constant n0 and its relation to the nw should

be found by comparison of Eq. (71) with numerical solution

of Eq. (59) [see Fig. 6]. It follows that a potential drop in

sheath for hydrogen at Tn1 ¼ 0:5; vw ¼ UsðTn1Þ � UwðTn1Þ
¼ 2:676 and at Tn2 ¼ 1:0 vw ¼ UsðTn2Þ � UwðTn2Þ ¼ 2:634

[here UwðTnÞ is the wall floating potential; see Fig. 6]. The

comparison of the numerical solution of Eq. (59) for small v
with Eq. (71) gives

n0 ¼ nw þ 3:81 at Tn ¼ 0:1;

n0 ¼ nw þ 3:72 at Tn ¼ 0:5;

n0 ¼ nw þ 3:52 at Tn ¼ 1; and

n0 ¼ nw þ 3:28 at Tn ¼ 2:

(72)

VII. INTERMEDIATE REGION AND ITS SCALE

The asymptotic presheath and sheath regions are the

result of considering the limit e ¼ ðkL=LiÞ ! 0, The pre-

sheath is assumed to be quasineutral, which leads to the elec-

tric field singularity at the presheath edge, while in the

sheath, the space change has a crucial importance, and the

ionization is neglected. Obviously, in order to connect these

two regions, one has to introduce some intermediate region,

which will take into account both effects—the space change

and ionization at least in the first non-vanishing approxima-

tion. Using the expression for the ion density (25), we repre-

sent Poisson’s equation in the following form:

�e2 d2U
dx2
¼ �B

ðUs

0

dU0
dxðU0Þ

dU0
exp½ðaþ b� 1ÞU0�

� K0

jU0 � Uj
2Tn

� �
exp½�ða� 1ÞU� � expðUÞ: (73)

At e¼ 0, Eq. (73) results in Eq. (35) for the presheath at the

high temperature (30), with the dependence x0 ¼ x0ðUÞ
defined by (38).

The results obtained below are valid for the tempera-

tures (30), but, for convenience, we will operate further with

the Bessel function K0(z) instead of its logarithmic approxi-

mation. Expressing expðUÞ from the plasma (presheath)

approximation, we obtain

�e2 d2U
dx2
¼ �B

ðUs

0

dU0 expðbU0Þexp½ða� 1ÞðU0 � UÞ�

� K0

jU0 � Uj
2Tn

� �
d

dU0
xðU0Þ � x0ðU0Þ
� �

; (74)

where x0ðUÞ is defined by Eq. (38).

FIG. 6. Potential deviation Dv ¼ vTn
� v0 from its value v0 at Tn¼ 0 in hydro-

gen plasma for Tn¼ 0.1, 0.5, 1 for b¼ 1. The dotted line shows the shape of

v0ðn� nwÞ [cf. Ref. 6, Fig. 3]. The dashed lines correspond to the plasma sided

expansion nioðvÞ from Eq. (71). On the ordinate axis (in the right-hand side) are

given values vw ¼ Us � Uw with the wall floating potentials Uw for hydrogen.
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We are interested in the asymptotic limit e! 0; ðe 6¼ 0Þ
and restrict ourselves by analysis of a small region near the

sheath edge U ¼ Us. The difference between xðUÞ and x0ðUÞ
may be neglected in the plasma (presheath) region, whence

it follows that x(0)¼ x0(0). Therefore, in fact, the integration

interval in Eq. (74) is narrowed to the small interval adjoin-

ing to the upper limit Us,
4,6 so we can

(i) replace U and U0 with Us in exponential functions.

(ii) approximate x0ðUÞ with the solution (42).

After partial integration from Eq. (74), we obtain

�e2 d2U
dx2
¼ �BebUs K0

jU�Usj
2Tn

� �
xðUsÞ�x0ðUsÞ½ �

	

�K0

jUj
2Tn

� �
xð0Þ�x0ð0Þ½ �

�
ðUs

0

dU0
@

@U0
K0

jU0 �Uj
2Tn

� �� �
� xðU0Þ�x0ðU0Þ
� 


:

(75)

The second term in the right-hand side of Eq. (75)

is equal to zero. Please note that the derivative

@=@U0K0 ½jU0 �Uj=ð2TnÞ�¼�K1ðjU0 �Uj=ð2TnÞÞ and

that both Bessel functions K0(z) and K1(z) decrease fast

at the increasing of their arguments.19 Therefore, at a

non-zero neutral temperature, Tn 6¼0, we can assume

that the region U0 ’U gives the main contribution in the

integral (76) and write

�e2 d2U
dx2
¼ �B expðbUsÞ K0

jU�Usj
2Tn

� �
xðUsÞ � x0ðUsÞ½ �

	

�
ðUs

0

dU0
@

@U0
K0

jU0 �Uj
2Tn

� �� �
� xðUÞ � x0ðUÞ½ �



:

(76)

After integration, we find

�e2 d2U
dx2
¼ �B expðbUsÞ K0

jU� Usj
2Tn

� �	
� xðUsÞ � x0ðUsÞð Þ � xðUÞ � x0ðUÞð Þ½ �

þK0

jUj
2Tn

� �
xðUÞ � x0ðUÞ½ �



: (77)

The first term in the right-hand side of Eq. (77) is of order

ðU� UsÞ, and we can neglect it as

K0

jU� Usj
2Tn

� �
ðU� UsÞ ! 0 at ðU� UsÞ ! 0: (78)

Finally, we obtain

�e2 d2U
dx2
¼ �BebUs K0

jUsj
2Tn

� �
xðUÞ � x0ðUÞ½ �: (79)

Introducing the intermediate scale variables f and f0 by

x ¼ xs þ
2

3
Ad3=2f;

x0 ¼ xs þ
2

3
Ad3=2f0;

(80)

and restricting ourselves by analysis of the sheath edge

vicinity

U ¼ Us � d � w ðd	 1Þ; (81)

we obtain from Eq. (79)

d2w

df2
¼ �B expðbUsÞK0

jUsj
2Tn

� �
8

27
A3 d7=2

e2
ðf� f0Þ: (82)

Choosing

d ¼ 27

8

expð�bUsÞ

�BA3K0

jUsj
2Tn

� �
8><
>:

9>=
>;

2=7

e4=7; (83)

and taking into account, that

f0 ¼
x0 � xs

2
3

Ad3=2
¼ �jwj3=2; (84)

we give to Poisson’s equation the form

d2w

df2
¼ fþ jwj3=2; (85)

which describes the intermediate region of the

Tonks–Langmuir model with the ion source having the tem-

peratures (30). By means of Eq. (83), for the intermediate

scale length, we find

‘ ¼ 9

4

expð�3bUsÞ

�B
3
A2K3

0

jUsj
2Tn

� �
8><
>:

9>=
>;

1=7

k6=7
D L1=7

s : (86)

From the transformations (81) and (83) and from the

estimation dw=df ¼ Oð1Þ, we can conclude that the interme-

diate region is distinguished by the electric field

E � kTe

e

�BK0½jUsj=ð2TnÞ�
A4 expð�bUsÞ

( )1=7

� 1

k2=7
D L

5=7
s

: (87)

For the case when Tn¼ 0, we can use the results of Refs. 4

and 6, where for the scale-length and the characteristic elec-

tric field in the intermediate region the following expressions

are given, respectively:

lm �
1

a1=3

3
ffiffiffi
3
p

8
expð�UsÞ

	 
1=9

� k8=9
D L1=9

s ; affi 0:335; (88)

E � kTe

e

1

a1=3

8

3
ffiffiffi
2
p expðUsÞ

	 
2=9

� 1

k4=9
D L

5=9
s

: (89)

In obtaining (88) and (89), we have used the relation for the

ionization length, found in Ref. 13. At comparison of (86) with

(88) and (87) with (89), the essential change of dependences of

the intermediate scale-length and the electric field on the char-

acteristic parameters Us, kD and Ls for Tn 6¼ 0 is obvious.

073503-9 Tskhakaya, Sr., Kos, and Jelić Phys. Plasmas 21, 073503 (2014)
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Neglecting in Eq. (85) the left-hand side (the space

charge term), we obtain the presheath approximation solu-

tion (41). Keeping the space charge term and neglecting the

collisional (ionization) contribution, represented in Eq. (85)

by the first term in the right-hand side, we obtain the sheath

approximation described in Sec. VI. Consequently, as a solu-

tion of the equation

d2w

df2
¼ w3=2; w > 0; (90)

we find

f ¼ f0 �
ffiffiffiffiffi
20
p

w�1=4: (91)

Hence, at f! f0 , we have a singularity w!1. The numer-

ical calculations for this singular point gives

f0 ¼ 5:1545576. The location of this singularity is crucial

for the indication of the sheath and wall’s location (see Sec.

IX). A comparison of Eqs. (71) and (91) and definitions of

the sheath (55) and intermediate (80) coordinates shows that

Eq. (91) correctly describes the “outer” expansion of the

“inner” solution (71). For the coefficient c3, we find

c3 ¼
9

4

e2

A2d7=2
: (92)

The numerical calculations show the correctness of this rela-

tion. Hence, Eq. (85) should realize a smooth transition

between the “outer” (presheath) and the “inner” (sheath)

solutions.

In Fig. 7 are presented wðfÞ and its asymptotics corre-

sponding to the “outer” and “inner” expansions. Equation

(90) and its solution (91) are in accordance with Eq. (45) and

justify the extensions made in the end of Sec. IV (see

remarks there).

VIII. MATCHING OF SOLUTIONS

According to the results found in Secs. IV–VII, we

know the three different asymptotic solutions: U ¼ Uðx0Þ for

the presheath from Eq. (38), wðfÞ for the intermediate region

from Eq. (85), and vðnÞ for the Debye sheath from Eq. (59).

For small but finite e, these solutions can be bridged and one

can in the satisfactory form construct a potential shape

describing the PWT layer as a whole. Obviously, this proce-

dure can be realized at the existence of a range of common

validity of the different solutions mentioned above. Below

we will perform two following matching procedures that are

graphed in Fig. 8.

A. Matching of the plasma (presheath) and the
intermediate solutions

The “inner” expansion of the “outer” (presheath) solu-

tion [see Eq. (42)] must have the same form as the “outer”

expansion foiðwÞ of the intermediate solution [see Eq. (84)].

Keeping in mind Eqs. (42), (80), and (84), we find

xoi ¼ xs �
2

3
Ad3=2f0;

f0 ¼ d�3=2ðU� UsÞ3=2;
(93)

and hence, the matching solution is fulfilled by construction.

It confirms the range of common validity of the plasma and

intermediate solutions. Introducing the inverse to x0ðUÞ; fðwÞ
and xoiðUÞ functions [UðxÞ; Umoðx; eÞ, and Uoiðx; eÞ, respec-

tively] according to the usual rule of the asymptotic analy-

sis,17 we can construct the following matched asymptotic

expression:

U1ðx; eÞ ¼ U0ðxÞ þ Umoðx; eÞ � Uoiðx; eÞ: (94)

For small e 6¼ 0, this expression should describe the reasona-

ble approximation for the smooth transition from the pre-

sheath to the intermediate region.

B. Matching of the intermediate and the sheath
solutions

Obviously, for the realization of the matching, the

“inner” expansion of the intermediate solution (91) must be

FIG. 7. Intermediate solution wðfÞ, its sheath ð� � � � � � �Þ and presheath

(plasma) ð� � ��Þ approximations.

FIG. 8. Detail of the matched approximation nearby the point ðUs; xsÞ. Inset

graph shows zoomed presheath solution U1 with xs aligned.
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in accordance with the “outer” expansion (71) of the “inner”

(sheath) solution. From (80) and (55), we have

xs þ
2

3
Ad3=2f ¼ xr þ en: (95)

To insure this relation, we have to use the solutions (91) and

(71). Equalizing the coefficients in front of v�1=4, we have

already found the constant c3 [see (92)]. The equality of the

free (from v) terms in (95) connects the integration constant

n0 with intermediate singular point f0 :

n0 ¼
xs � xr þ 2

3
Ad3=2f0

e
: (96)

Such a choice of n0 ensures validity of the matching condi-

tion and adjusts the position of the sheath to the intermediate

region.6,7 The relation (96) also allows to define the refer-

ence point xr in the most convenient way, assuming xr¼ xs,

supposing the sheath edge as only universal point in analysis

of the intermediate and the sheath regions.7 From (96) then

we have

n0 ¼
2

3

1

e
Ad3=2f0 : (97)

Inverse to relations (59), (71), and (91) expressions define

the following functions, respectively: Uiðx; eÞ: the asymp-

totic sheath potential (the “inner” solution); Uioðx; eÞ: the

“outer” expansion of the “inner” solutions; and Umiðx; eÞ: the

“inner” expansion of the intermediate solution.

By means of these functions, we can represent the

matching in the following analytic form:

U2ðxÞ ¼ Umiðx; eÞ � Uioðx; eÞ þ Uiðx; eÞ: (98)

C. Unified matching of the presheath and the sheath

Equations (94) and (98), obtained at the approximations

mentioned above, are valid in the plasma (presheath) and the

intermediate regions, and in the intermediate and the sheath

regions, respectively. From these equations, it follows that

outside of the intermediate region the potential shape UðxÞ in

the plasma region x � xs is defined by UoðxÞ; UðxÞ ’ UoðxÞ,
and UðxÞ ’ Uiðx; eÞ for x > xs. This allows to combine (94)

and (98) in the unified matched expression

�UðxÞ ¼ UoðxÞ � Uoiðx; eÞ þ Umðx; eÞ � Uioðx; eÞ þ Uiðx; eÞ;
(99)

where Umðx; eÞ is the potential in the intermediate region

satisfying Eq. (85). The validity of the approximation (99) is

restricted by the extremely low values of e, as it is shown in

Fig. 9. In Fig. 10 is given dependence of the ion density ni

on the potential U for various Tn found by means of Eq. (18).

IX. THE EIGENVALUE PROBLEM

In the method used here, to describe the Tonks–Langmuir

model, the wall localization xw is not a priori given. It is an

eigenvalue of a problem arising due to the requirement of the

“plasma balance:” the necessary adjustment of the ion produc-

tion rate in the ionization process to the ion loss at the wall.

This eigenvalue should be found by cutting the potential curve

at that point x¼ xw, where the wall boundary condition

UðxwÞ ¼ Uw is fulfilled:

xw ¼ kðUw; eÞ: (100)

For the wall potential, we choose the floating potential in

the hydrogen plasma, UwðTn ¼ 0:1Þ ¼ �3:511; UwðTn ¼ 1Þ
¼ �3:259. At e! 0, the wall’s position equals to the

sheath edge

k0 ¼ xs: (101)

Constructing the next approximation for the finite (but small)

e, we have to take into account the contribution of the inter-

mediate region. Obviously, this contribution should be termi-

nated by the singularity at f0

k1 ¼ xs þ
2

3
Ad3=2f0 : (102)

FIG. 9. Comparison of the matched approximation: �UðxÞ according to

Eq. (99) (—) and the exact numerical potential UðxÞ ð� �Þ according to

Eq. (33) for various values of Tn and e. The wall potential Uw equals to the

floating potential in hydrogen.

FIG. 10. Dependencies of the ni on the U for different Tn at b¼ 1. The wall

potential is equal to the floating potential in the hydrogen gas.
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The contribution of the sheath becomes appreciable only in

the next order approximation

k2 ¼ xs þ
2

3
Ad3=2f0 þ eðnw � n0Þ: (103)

According to Eq. (72), the sheath contribution in (103) is

negative, as it was expected. Dependencies of the exact

eigenvalue k and its approximate values k1 and k2 on e and

Tn are plotted in Fig. 11. The curves show that approxima-

tion k2 is quite contented for small values of e.

X. SUMMARY

In this paper, we have provided the kinetic analysis of

the classical T&L model of the electric discharges, where

plasma is assumed to be weakly ionized and ions’ creation

takes place due to neutral particles ionization by the electron

impact. To our knowledge, this is a first attempt for the com-

prehensive kinetic investigation of the whole [including the

pre-sheath PS) and DS] T&L model taking into account ther-

mal motion of ion source particles. Using the A2S approxi-

mation, the presheath and the Debye sheath are studied

separately from each other, which allows to follow the

“beaten track” of the PWT investigation starting our deriva-

tion from the PS and proceedings to the position where the

wall boundary condition, U ¼ Uw, is fulfilled. The compari-

son of exact numerical results (see Fig. 11) with the PS and

DS matching procedure shows that the A2S approximation

correctly describes the PWT layer.

The definition of the wall position is directly connected

with solution of the “eigenvalue problem.” Physically, this

problem reflects the fact that the ion production rate must be

equal to the rate of ion loss onto wall. The intermediate scale

analysis is performed to describe PS–DS transition and to

enable smooth matching of these neighboring sublayers. The

equation which describes the intermediate region and bridges

the PS and the DS is derived. The intermediate scale length

is found.

The results can more adequately describe the physical

situation at the solid walls in the laboratory plasmas and the

divertor plates in tokamak.
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